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ON AUTOMORPHISMS OF QUASI-SMOOTH WEIGHTED
COMPLETE INTERSECTIONS
VICTOR PRZYJALKOWSKI AND CONSTANTIN SHRAMOV
Abstract. We show that every reductive subgroup of the automorphism group of a
quasi-smooth well formed weighted complete intersection is a restriction of a subgroup
in the automorphism group in the ambient weighted projective space. Also, we provide
examples demonstrating that an automorphism group of a quasi-smooth well formed
Fano weighted complete intersection may be infinite and even non-reductive.
1. Introduction
One of the ways to obtain interesting examples of Fano varieties is to construct them
as complete intersections in weighted projective spaces. We refer the reader to [Do82]
and [IF00] (or to §2 below) for definitions and basic properties of weighted projective
spaces and complete intersections therein. One of the advantages of such constructions
is that many properties of the resulting varieties are easy to analyse. In particular, the
following is known about automorphism groups of weighted complete intersections.
Theorem 1.1 ([PSh19, Theorem 1.3]). Let X be a smooth well formed weighted com-
plete intersection of dimension n. Suppose that either n > 3, or KX 6= 0. Then the
group Aut(X) is finite unless X is isomorphic either to Pn or to a quadric hypersurface
in Pn+1.
As a by-product of Theorem 1.1, one obtains the following.
Corollary 1.2. Let X be a smooth well formed weighted complete intersection. Suppose
that either dimX > 3, or KX 6= 0. Then the group Aut(X) is reductive.
Although smooth varieties are most natural to study, in many situations it makes sense
to consider weighted complete intersections with a slightly weaker property, namely, quasi-
smooth ones (see §2). The main purpose of this paper is to prove the following result on
automorphism groups of quasi-smooth weighted complete intersections.
Theorem 1.3. Let X ⊂ P be a quasi-smooth well formed weighted complete intersection
which is not an intersection with a linear cone. Suppose that either dimX > 2, or X
is a rational curve. Then Aut(X) is a linear algebraic group. Furthermore, let Γ be a
reductive subgroup in Aut(X). Then there is an action of Γ on P that restricts to the
natural action of Γ on X.
Victor Przyjalkowski was supported by Laboratory of Mirror Symmetry NRU HSE, RF government
grant, ag. №14.641.31.0001. He is the Young Russian Mathematics award winner and would like to
thank its sponsors and jury. Constantin Shramov was supported by the HSE University Basic Research
Program, Russian Academic Excellence Project “5-100”, and by the Foundation for the Advancement of
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We point out that the assertion of Theorem 1.3 fails for curves of genus 1 that are
complete intersections, see Example 4.2.
As a straightforward application of Corollary 1.2 and Theorem 1.3, we obtain the
following assertion.
Corollary 1.4. Let X ⊂ P be a smooth well formed weighted complete intersection which
is not an intersection with a linear cone. Suppose that either dimX > 3, or dimX > 2
and KX 6= 0. Then there is an action of the group Aut(X) on P that restricts to the
natural action of Aut(X) on X.
It would be interesting to know the answer to the following question (cf. Example 5.2).
Question 1.5. Does the assertion of Theorem 1.3 hold without the assumption that the
group Γ is reductive?
The reason to consider weighted complete intersections as one of the main sources of
constructions for Fano varieties is the following. An obvious way to construct new vari-
eties is to describe them as divisors or complete intersections of divisors in those varieties
that are already known and well understood: for instance, in toric varieties or Grassman-
nians. Fano varieties that are complete intersections in Grassmannians were studied by
many authors, see, for instance, [Ku¨95] and [Ku¨97]. The most interesting case from the
point of view of classification is the case of Picard rank one. Note that this property
automatically holds for complete intersections (of dimension at least 3) in Grassmannians
by the Lefschetz theorem. On the other hand, for complete intersections in toric varieties
it does not hold often. We show in Appendix A that a smooth Fano complete intersection
in a toric variety with Picard rank 1 is necessarily a weighted complete intersection.
The plan of the paper is as follows. In §2 we collect some auxiliary facts about weighted
complete intersections. In §3 we collect several auxiliary results on automorphism groups
of weighted complete intersections. In §4 we prove Theorem 1.3 and Corollary 1.4. In §5
we provide examples demonstrating that an automorphism group of a quasi-smooth well
formed Fano weighted complete intersection may be infinite and even non-reductive (so
that the assertion of Corollary 1.2 does not hold in this case).
We are grateful to I. Cheltsov, R.Hartshorne, T.Okada, Yu.Prokhorov, and
D.Timashev for useful discussions.
2. Preliminaries
In this section we collect some auxiliary facts about weighted complete intersections.
Put
P = P(a0, . . . , aN) = ProjC[x0, . . . , xN ],
where the weight of xi equals ai. Without loss of generality we assume that a0 6 . . . 6 aN .
We will use the abbreviation
(ar00 , . . . , a
rM
M ) = (a0, . . . , a0︸ ︷︷ ︸
r0 times
, . . . , aM , . . . , aM︸ ︷︷ ︸
rM times
),
where r0, . . . , rM will be allowed to be any positive integers. If some of ri is equal to 1 we
drop it for simplicity.
We say that a subvarietyX ⊂ P of codimension k > 1 is a weighted complete intersection
of multidegree (d1, . . . , dk) if its weighted homogeneous ideal in C[x0, . . . , xN ] is generated
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by a regular sequence of k homogeneous elements of degrees d1, . . . , dk. The regularity
of the above sequence is equivalent to the requirement that the codimension of (every
irreducible component of) the variety X equals k, see, for instance, [PSh20a, §2].
We put some natural restrictions on P and X to avoid extra complete intersections. We
say that X is well formed if the following two conditions hold. First, we require that P
is well formed, that is, the greatest common divisor of any N of the weights ai equals 1.
Second,
codimX (X ∩ Sing P) > 2.
Note that the singular locus of P is a union of some coordinate strata.
We say that X is an intersection with a linear cone if dj = ai for some i and j.
Remark 2.1. Let X ⊂ P = P(ar00 , . . . , a
rM
M ), where a0 < . . . < aM , be a weighted complete
intersection which is not an intersection with a linear cone. Write P ∼= Proj(R(P)), where
R(P) = C [x0,1, . . . , x0,r0, . . . , xM,1, . . . , xM,rM ] ,
so that xi,p is a weighted homogeneous coordinate of weight ai on P. Then none of the
coordinates xi,p vanishes on X . Indeed, if it does, then it is contained in the weighted
homogeneous ideal I ⊂ R(P) of X . On the other hand, xi,p is not contained in the
ideal I ′ ⊂ I generated by the coordinates x0,1, . . . , xi−1,ri−1 of smaller weight. Thus one
of the defining equations of X must have degree equal to ai, which is not the case by
assumption.
Every subvariety in a weighted projective space naturally comes together with a cone
over it. That is, let
A = SpecC[x0, . . . , xN ] ∼= A
N .
Then P = (A \ {0}) /C∗ with a natural action of C∗ given by the weights a0, . . . , aN .
Denote the projection A \ {0} → P by π. We say that X is quasi-smooth if the affine
cone π−1(X) over X is smooth. This notion is a generalization of smoothness for usual
complete intersections. Indeed, according to [PSh16, Corollary 2.14], a smooth well formed
weighted complete intersection is quasi-smooth.
Lemma 2.2. Let X ⊂ P be a positive-dimensional weighted complete intersection.
Then X is connected. Moreover, if X is quasi-smooth, then X is irreducible.
Proof. First prove the connectedness assertion. Let CX = π
−1(X) ⊂ A be the affine cone
over X . It follows from Hartshorne Connectedness Theorem (see [Ha62, Theorem 3.4])
that CX is locally connected in codimension one, which gives the first required assertion.
However we give another, more simple proof of this. Consider the variety
C ′X = CX \ SingCX ⊂ A \ SingCX .
It is a complete intersection in a smooth irreducible quasi-projective variety. Thus, by
Bertini theorem, a general complete intersection in A \ SingCX of the same multidegree
as C ′X is connected. Thus C
′
X is connected as well, and so X is also connected.
Now assume that X is quasi-smooth. Suppose that it is reducible. Let X1 be one of its
irreducible components. Let X2 be another one that intersects X1 at some point P , which
exists by connectedness of X . Let CX1 , CX2 ⊂ CX be cones over these components. Then
the intersection of CX1 and CX2 contains the affine cone over P and, thus, CX is singular
along this cone. However, this contradicts the quasi-smoothness assumption. 
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Remark 2.3. An alternative proof of the first assertion of Lemma 2.2 can be obtained
from the Lefschetz-type theorem, see Corollary A.3 below.
Note that a general quasi-smooth weighted complete intersection of dimension at least 3
is isomorphic to quasi-smooth well formed weighted complete intersection which is not an
intersection with a linear cone, see [PSh20b, Proposition 2.9].
Singularities of quasi-smooth well formed weighted complete intersections can be easily
described.
Proposition 2.4 (see [Di86, Proposition 8]). Let X ⊂ P be a quasi-smooth well formed
weighted complete intersection. Then the singular locus of X is the intersection of X with
the singular locus of P.
Remark 2.5. Note that in Proposition 2.4 we can omit the assumption that X is a
weighted complete intersection. The proof in this case is literally the same as the proof
of [Di86, Proposition 8].
Corollary 2.6. A quasi-smooth well formed weighted complete intersection of dimension 1
is smooth.
The following result extends the assertion of Corollary 2.6 to higher dimensions.
Proposition 2.7. Let X be a quasi-smooth well formed weighted complete intersection.
Then X is normal and has quotient singularities. In particular, the singularities of X are
normal and log terminal.
Proof. It is easy to see that X has quotient singularities since X is quasi-smooth, see
for instance [IF00, §6]. Hence X is normal. Furthermore, quotient singularities are log
terminal by [Kaw84, Proposition 1.7]. 
The divisorial sheaf OP(1) is not necessary a line bundle. The decription of all line
bundles on P is given by the following assertion, see [RT12, Proposition 8] or the proof
of [Do82, Theorem 3.2.4(i)].
Proposition 2.8. Let P = P(a0, . . . , aN) be a well formed weighted projective space. Then
the Picard group Pic(P) is a free group generated by OP(l), where l is the least common
multiple of the weights ai.
For a weighted complete intersection X of multidegree (d1, . . . , dk) in P, define
iX =
∑
aj −
∑
di.
Let ωX be the dualizing sheaf on X .
Theorem 2.9 (see [Do82, Theorem 3.3.4], [IF00, 6.14]). Let X be a quasi-smooth well
formed weighted complete intersection. Then
ωX ∼= OX (−iX) .
Theorem 2.9 allows to understand the basic properties of weighted complete intersec-
tions if the weights of the weighted homogeneous coordinates and the degrees of the
defining equations are known. We illustrate this by the following observation. Recall that
a variety X is called rationally connected if for two general points of P1, P2 ∈ X there
is a rational curve on X passing through P1 and P2. A variety is called uniruled if it is
covered by rational curves.
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Proposition 2.10. Let X ⊂ P = P(a0, . . . , aN) be a quasi-smooth well formed weighted
complete intersection. The following assertions hold.
(i) If iX > 0, then X is rationally connected.
(ii) If iX 6 0 and iX is divisible by all weights ai, then X is not uniruled.
(iii) If iX = 0, then X is not uniruled.
Proof. We know from Proposition 2.7 that X has log terminal singularities.
Suppose that iX > 0. Then the anticanonical divisor −KX is ample by Theorem 2.9.
Therefore, assertion (i) holds by [Zh06].
Now suppose that iX > 0 and iX is divisible by all weights ai. Then the sheaf OP(−iX)
is a line bundle by Proposition 2.8. Thus by Theorem 2.9 the canonical class KX is
an effective Cartier divisor. In particular, the singularities of X are Gorenstein. Since
they are also log terminal, we conclude that they are actually canonical. Hence there
exists a resolution of singularities X˜ → X such that the canonical divisor KX˜ is effective.
This implies that X˜ (and thus also X) is not uniruled, see [MM86], and thus proves
assertion (ii).
Assertion (iii) follows from assertion (ii). 
We do not know if the divisibility assumption in Proposition 2.10(ii) is inevitable. Note
that without this assumption Theorem 2.9 does not imply that the singularities of X are
Gorenstein. On the other hand, a variety with non-Gorenstein log terminal singularities
and ample canonical class may be uniruled, as one can see from the following example
that was pointed out to us by Yu.Prokhorov.
Example 2.11 (cf. [Be09]). Consider a Hirzebruch surface Fn with the projection
π : Fn → P
1.
Let Σ be the (−n)-section of π, and let F , F1, F2, and F3 be four distinct fibers of π, so
that
Σ2 = −n, F 2i = 0, FiΣ = 1.
One has
KFn ∼ −2Σ + (n− 2)F.
Let Pi = Σ ∩ Fi for 1 6 i 6 3. Let Y → Fn be the blow up of the points P1, P2, and P3.
To simplify notation, denote the proper transforms on Y of Σ, F , and Fi again by Σ, F ,
and Fi. Let Ei be the exceptional divisor of the blow up over the point Pi. Thus on Y
we have
Σ2 = −n− 3, F 2i = E
2
i = −1, EiΣ = EiFi = 1, Fi ∩ Σ = ∅,
and
KY ∼ −2Σ + (n− 2)F −E1 − E2 − E3.
Let Qi = Ei ∩Fi for 1 6 i 6 3. Let Z → Y be the blow up of the points Q1, Q2, and Q3.
Denote the proper transforms on Z of Σ, F , Fi, and Ei again by Σ, F , Fi, and Ei, and
denote the exceptional divisor over the point Qi by Ri. Thus on Z we have
Σ2 = −n− 3, F 2i = E
2
i = −2, EiΣ = 1, Fi ∩ Σ = Fi ∩ Ei = ∅,
and
KZ ∼ −2Σ + (n− 2)F −E1 − E2 − E3.
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By Artin’s criterion, one can blow down the curve
D = Σ ∪ E1 ∪ E2 ∪ E3 ⊂ Z,
and also three (−2)-curves F1, F2, and F3 disjoint from D and from each other, to get a
projective surface X . The images of Fi on X are du Val singularities of type A1, while D
is contracted to a (non-canonical) log terminal singular point.
Denote the image of the curve F on X by F as well. Then the Picard group of X is
generated by F , and one has KX ∼ (n− 2)F . The surface Y is rational by construction.
On the other hand, for n > 2 the canonical class KX is ample.
It appears that the divisor class group of a quasi-smooth well formed weighted complete
intersection has nice properties.
Theorem 2.12 (cf. [Ok16, Remark 4.2], [PST17, Proposition 2.3]). Let X be a quasi-
smooth well formed weighted complete intersection. Suppose that either dimX > 2, or X
is a rational curve. Then the group Cl(X) has no torsion. Moreover, if dim(X) > 3, then
the group Cl(X) ∼= Z is generated by the class of OX(1).
We reproduce the proof of [Ok16, Remark 4.2] with some modification suggested to us
by T.Okada.
Proof of Theorem 2.12. If X is a rational curve, then it is smooth by Corollary 2.6, so the
assertion is obvious. Suppose that dimX > 2. Let CX ⊂ A
N be the affine cone over X ,
and let R be the coordinate (graded) ring of CX . We have the exact sequence
0 // Z
θ
// Cl(X) // Cl(R) // 0,
where θ sends 1 to a divisor from OX(1), see e. g. [Wa81, Theorem 1.6].
Let m be the maximal ideal of the origin of CX . Then by [Fo73, Corollary 10.3], one
has Cl(R) ∼= Cl(Rm). If dim(X) > 3, then Rm is a complete intersection local ring of
dimension at least 4 which is regular outside the maximal ideal, so that Cl(Rm) = 0,
see [Fo73, §18]. Thus Cl(X) ∼= Z is generated by the class of OX(1).
Now assume that dim(X) = 2. Set
U = Spec(Rm) \ {m}.
By [Fo73, Proposition 18.10(b)], we have an isomorphism Pic(U) ∼= Cl(Rm). Finally, by
assertion (ii) of the main theorem of [Ro76], the group Pic(U) is torsion free. It follows
that
Cl(R) ∼= Cl(Rm) ∼= Pic(U)
has no torsion, and hence the same holds for Cl(X). 
Remark 2.13. The assertion of Theorem 2.12 obviously fails in the case when X is a curve
of positive genus.
We conclude this section by recalling the relation between smoothness and quasi-
smoothness of weighted complete intersections.
Lemma 2.14 ([PSh16, Corollary 2.14]). Let X ⊂ P be a smooth well formed weighted
complete intersection. Then X is quasi-smooth.
If the weighted projective space P is not well formed, then the assertion of Lemma 2.14
may fail.
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Example 2.15. The hypersurface X in P = P(1, 2n) with weighted homogeneous coor-
dinates x0, . . . , xn given by equation
x20x1 + x
2
2 + . . .+ x
2
n = 0
is not quasi-smooth because the cone over it in An+1 is singular at the point (0, 1, 0, . . . , 0).
On the other hand, X is isomorphic to a quadric in Pn ∼= P(1, 2n) with homogeneous
coordinates z0, . . . , zn given by equation
z0z1 + z
2
2 + . . .+ z
2
n = 0,
and thus it is smooth.
The reader may wonder if there exists a smooth (but not well formed) weighted complete
intersection X in a well formed weighted projective space P such that X is not quasi-
smooth. The following example suggested to us by I. Cheltsov and Yu.Prokhorov shows
that the answer is positive.
Example 2.16. Let X be a hypersurface in the well formed weighted projective
space P = P(2, 3, 5n) with weighted homogeneous coordinates x0, . . . , xn+1 given by equa-
tion x30 = x
2
1. Obviously, it is not quasi-smooth (and not well formed). We claim that X
is smooth. Indeed, it is enough to check this in the neighborhood of the subset defined by
equations x0 = x1 = 0. This subset is covered by pairwise isomorphic affine charts given
by xi = 1. So consider the affine chart U ⊂ P where xn+1 = 1. This chart is a quotient
of the affine space An+1 with coordinates u0, . . . , un by the group Z/5Z whose generator
multiplies the coordinates u0 and u1 by ε
2 and ε3, respectively, where ε is a non-trivial
root of unity of degree 5, and acts trivially on the remaining coordinates. The intersection
X ∩U is isomorphic to the quotient of the subset X˜ ⊂ An+1 defined by equation u30 = u
2
0.
The algebra of invariants of the above action on An+1 is generated by the functions
u50, u
5
1, u0u1, u2, . . . , un.
Denoting them by v0, . . . , vn+1, we see that U ∼= A
n+1/(Z/5Z) is isomorphic to a hyper-
surface given by equation v0v1 = v
5
2 in the affine space A
n+2 with coordinates v0, . . . , vn+1,
and X ∩ U is isomorphic to a subvariety of An+2 given by equations
v0 − v
2
2 = v1 − v
3
2 = 0.
Obviously, these equations define a smooth variety.
3. Automorphisms
In this section we collect several auxiliary results on automorphism groups of weighted
complete intersections. The following assertion is well known to experts.
Proposition 3.1. Suppose that the weighted projective space
P = P(ar00 , . . . , a
rM
M ), a0 < . . . < aM ,
is well formed. Let RU be the unipotent radical of the group Aut(P), so that
Aut(P) ∼= RU ⋊ Autred(P),
where the subgroup Autred(P) is reductive. Then RU consists of the automorphisms
(3.1) (x0,1 : . . . : x0,r0 : . . . : xi,p : . . . : xM,1 : . . . : xM,rM ) 7→
7→ (x0,1 : . . . : x0,r0 : . . . : xi,p + Φi,p : . . . : xM,1 + ΦM,1 : . . . : xM,rM + ΦM,rM ),
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where x0,1, . . . , xM,rM are weighted homogeneous coordinates on P, and Φi,p is a weighted
homogeneous polynomial of degree ai in the variables x0,1, . . . , xi−1,ri−1. On the other hand,
one has
(3.2) Autred
(
P
)
∼=
(
GLr0(C)× . . .×GLrM (C)
)
/C∗,
where C∗ embeds into the above product by
(3.3) t 7→ (ta0Idr0, . . . , t
aM IdrM ),
and Idr denotes the identity r × r-matrix. Furthermore, for an appropriate choice of
weighted homogeneous coordinates x0,1, . . . , xM,rM the (i+1)-th factor in (3.2) acts on the
coordinates xi,1, . . . , xi,ri.
Proof. The assertion about the reductive part of Aut(P) can be found
in [PSh17, Proposition A.2.5]. The assertion about the unipotent part can also be
deduced from the proof of [PSh17, Proposition A.2.5]. Namely, one can see that Aut(P)
is isomorphic to the quotient A˜ut(P)/C∗, where C∗ is the torus whose action on
A = Ar0+...+rM
is defined by the weights a0, . . . , aM , and A˜ut(P) is the normalizer of C
∗ in the stabilizer
of the point 0 ∈ A in Aut(A). In particular, RU is isomorphic to the unipotent radical
of A˜ut(P). Furthermore, the group A˜ut(P) is isomorphic to the group of graded auto-
morphisms of the Cox ring of P, which is the polynomial ring in r0 + . . .+ rM variables
with the grading defined by the weights a0, . . . , aM . Now finding the unipotent radical
of A˜ut(P) is straightforward. 
Note that Proposition 3.1 fails without the well-formedness assumption, as shown by
an example of a weighted projective line
P = P(1, 2) ∼= P1.
To work with reductive subgroups of automorphism groups of weighted projective
spaces, we will need the following auxiliary assertion.
Lemma 3.2. Let P = P(ar00 , . . . , a
rM
M ), where a0 < . . . < aM , be a well formed weighted
projective space. Let ∆ be a reductive subgroup of Aut(P). Then one can choose the
weighted homogeneous coordinates x0,1, . . . , xM,rM on P so that ∆ is contained in a sub-
group Autred(P) of P described in Proposition 3.1.
Proof. Set
R(P) = C [y0,1, . . . , y0,r0, . . . , yM,1, . . . , yM,rM ] ,
where yi,p is a variable of weight ai. We have
P ∼= Proj
(
R(P)
)
,
so that yi,p can be regarded as a weighted homogeneous coordinate of weight ai on P. It
is easy to see that there exists a finite extension ∆˜ of the group ∆ acting on R(P) so that
this action induces the initial action of ∆ on P, cf. [PSh17, Lemma A.2.11]. In particular,
the group ∆˜ is reductive.
Now we choose the new weighted homogeneous coordinates x0,1, . . . , xM,rM by induction.
For x0,1 . . . , x0,r0 we just take the coordinates y0,1, . . . , y0,r0. Since these are coordinates of
minimal possible weight, the group Aut(P) (and its subgroup ∆) acts on them so that the
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result depends only on the coordinates of the same weight. Suppose that x0,1, . . . , xi−1,ri−1
are obtained by coordinate change from y0,1, . . . , yi−1,ri−1 (in particular, their weights do
not exceed ai−1). Let Uai be the subspace in the ai-th graded component of R(P) generated
by the polynomials in the variables x0,1, . . . , xi−1,ri−1. Since the group ∆˜ is reductive, one
can choose a ∆˜-invariant complement Vai to Uai . Let xi,1, . . . , xi,ri be the basis in Vai . Then
the group ∆ acts on xi,1, . . . , xi,ri so that the result depends only on these coordinates,
and not on coordinates of smaller weights. Proceeding like this up to weight aM , we prove
the lemma. 
We are going to show that certain subgroups of Aut(P) act faithfully on weighted
complete intersections in P.
Lemma 3.3. Let P be a well formed weighted projective space, and let X ⊂ P be an ir-
reducible positive-dimensional weighted complete intersection which is not an intersection
with a linear cone. Let ∆ be a reductive subgroup of Aut(P) that fixes every point of X.
Then ∆ is trivial.
Proof. Write P = P(ar00 , . . . , a
rM
M ), where a0 < . . . < aM . By Lemma 3.2 one can choose
weighted homogeneous coordinates x0,1, . . . , xM,rM on P so that the action of ∆ on the
coordinate xi,p depends only on coordinates xi,1, . . . , xi,ri of the same weight ai. This
provides ∆-equivariant rational projections
ψi : P 99K Pi = Proj
(
C [xi,1, . . . , xi,ri]
)
∼= Pri−1.
Since X is not an intersection with a linear cone, none of the weighted homogeneous
coordinates xi,p vanishes on X , see Remark 2.1. Therefore, X contains points where the
projections ψi are regular. Let Yi ⊂ Pi be the (closure of) the image ψi(X). Since X is
irreducible, we conclude (again using Remark 2.1) that Yi is not contained in a hyperplane
in Pi. On the other hand, the action of ∆ on Yi is trivial by assumption. Hence the action
of ∆ on Pi is trivial.
Therefore, each element δ ∈ ∆ acts on P by a transformation of the form
δ : (x0,1, . . . , x0,r0, . . . , xi,p, . . . , xM,1, . . . , xM,rM ) 7→
7→ (λ0x0,1, . . . , λ0x0,r0 , . . . , λixi,p, . . . , λMxM,1, . . . , λMxM,rM ),
where λ0, . . . , λM are complex numbers. As we saw above, one can choose a point P
on X such that none of the coordinates x0,1, . . . , xM,rM vanishes at P . Since δ(P ) = P by
assumption, we conclude that
λa00 = . . . = λ
aM
M ,
which in turn means that the transformation δ is trivial, cf. (3.3). 
The assertion of Lemma 3.3 fails without the assumption that X is not an intersection
with a linear cone even in the case when P ∼= PN (where this assumption is equivalent to
the requirement that X is not contained in a hyperplane).
Lemma 3.4. Let P be a well formed weighted projective space, and let X ⊂ P be an
irreducible positive-dimensional weighted complete intersection of multidegree (d1, . . . , dk).
Suppose that one has ai < dj for all i and j. Let ∆ be a subgroup of the unipotent radical
of Aut(P) that fixes every point of X. Then ∆ is trivial.
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Proof. Let f1 = . . . = fk = 0 be the equations of X in P, so that dj = deg fj . We may
assume that a0 6 . . . 6 aN and d1 6 . . . 6 dk. By assumption we have d1 > aN .
We know from Proposition 3.1 that ∆ consists of the elements of the form (3.1). If such
an element preserves every point of X , then in the notation of (3.1) the polynomials Φi,p
must be contained in the homogeneous ideal I of X in C[x0, . . . , xN ]. However, the ideal I
is generated by the elements f1, . . . , fk whose degrees are all greater than aN , while the
degrees of the polynomials Φi,p do not exceed aN . This means that all Φi,p must be zero
polynomials, and thus the group ∆ is trivial. 
The assertion of Lemma 3.4 fails for weighted complete intersection without the condi-
tion on the degrees.
Example 3.5. Consider a weighted projective space P = P(1N , m) with weighted homo-
geneous coordinates x0, . . . , xN , where N > 3 and m > 2. Let X be a weighted complete
intersection in P given by equations
f2 = f2m = 0,
where f2 and f2m are general weighted homogeneous polynomials in xi’s of degrees 2
and 2m, respectively. Then X is smooth and well formed, and it is a Fano variety
if N > m+ 3. Consider a homogeneous polynomial g in xi’s of degree m − 2 and the
(non-trivial) automorphism
(x0 : . . . : xN ) 7→ (x0 : . . . : xN−1 : xN + f2g)
of P. Obviously, it acts trivially on X . Since there is a
(
N+m−3
N−1
)
-dimensional space of
polynomials of degree m− 2 in the variables xi, the subgroup of Aut(P) that fixes every
point of X contains a subgroup isomorphic to (C+)(
N+m−3
N−1 ).
Lemma 3.4 implies the following convenient corollary.
Corollary 3.6. Let X ⊂ P be a quasi-smooth well formed positive-dimensional weighted
hypersurface which is not an intersection with a linear cone. Then a subgroup of the
unipotent radical of Aut(P) that fixes every point of X is trivial.
Proof. Note that X is irreducible by Lemma 2.2. Let f = 0 be the equation of X in P,
and set d = deg f . We may assume that a0 6 . . . 6 aN .
Suppose that d < aN . Then aN > 1, and since P is well formed, the point
P = (0 : . . . : 0 : 1)
is a singular point of P by [IF00, 5.15]. Furthermore, since d < aN , the polynomial f
cannot depend on xN . This means that P ∈ X , and since X is quasi-smooth and well
formed, we conclude that P is a singular point of X by Proposition 2.4. The obtained
contradiction shows that d > aN . Furthermore, since X is not an intersection with a
linear cone, we see that d > aN . Now the assertion follows from Lemma 3.4. 
4. Restriction of automorphisms
In this section we prove Theorem 1.3 and Corollary 1.4.
Proof of Theorem 1.3. We mostly follow the proof of [PSh17, Lemma A.2.13]. The auto-
morphism group of X is a linear algebraic group by [PSh19, Lemma 4.3].
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Note that the class of ωX in Cl(X) is invariant with respect to the group Γ. Denote
by A the class of OX(1) in the group Cl(X). Then it follows from Theorems 2.12 and 2.9
that A is invariant with respect to Γ as well.
Set
R(P)m = H
0
(
P,OP(m)
)
and R(X,A)m = H
0
(
X,OX(mA)
)
.
Then
R(P) =
∞⊕
m=0
R(P)m and R(X,A) =
∞⊕
m=0
R(X,A)m
have natural structures of graded algebras. Since OP(1) and A are ample, the alge-
bras R(P) and R(X,A) are finitely generated. One has
P ∼= Proj
(
R(P)
)
and X ∼= Proj
(
R(X,A)
)
.
For every positive integer K we define graded vector subspaces
R(P)6K =
⊕
m6K
R(P)m ⊂ R(P)
and
R(X,A)6K =
⊕
m6K
R(X,A)m ⊂ R(X,A).
Choose M so that R(P)6M generates the algebra R(P), and R(X,A)6M generates the
algebra R(X,A). For 1 6 m 6 M let
Um(P) ⊂ R(P)m
be the intersection of R(P)m with the subalgebra of R(P) generated by R(P)6m−1, and let
Um(X) ⊂ R(X,A)m
be the intersection of R(X,A)m with the subalgebra of R(X,A) generated
by R(X,A)6m−1. Recall that the restriction map
ρm : R(P)m → R(X,A)m
is a surjection for every m > 0, see [PSh19, Corollary 3.3]. Moreover, one has
ρm(Um(P)) = Um(X).
There exists a central extension Γ˜ of the group Γ such that Γ˜/Γ is finite, and an action
of Γ˜ on R(X,A) that induces the initial action of Γ on X , see [PSh17, Lemma A.2.11].
In particular, the group Γ˜ acts on every vector space R(X,A)m. Obviously, the sub-
space Um(X) is Γ˜-invariant. Choose Vm(X) ⊂ R(X,A)m to be a Γ˜-invariant vector
subspace such that
Um(X)⊕ Vm(X) = R(X,A)m.
This is possible because the group Γ is assumed to be reductive, so that the group Γ˜ is
also reductive, and thus its representation R(X,A)m is completely reducible. Let Vm(P)
be a vector subspace of R(P)m that is mapped to Vm(X) isomorphically by ρm; note that
Um(P) ∩ Vm(P) = 0
by construction. Since X is not an intersection with a linear cone, it follows from Re-
mark 2.1 that
R(P)m = Um(P)⊕ Vm(P).
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Note that for all m > M the vector space Vm(P) is zero.
Define the action of Γ˜ on Vm(P) so that the isomorphism
ρm|Vm(P) : Vm(P)
∼
−→ Vm(X)
is Γ˜-equivariant. Now for every m we have a Γ˜-equivariant commutative diagram
Um(P)
ρm




// Um(P)⊕ Vm(P)


∼
// R(P)m
ρm


Um(X)


// Um(X)⊕ Vm(X)
∼
// R(X,A)m
Therefore, starting with the Γ˜-action on R(X,A) that corresponds to the initial Γ-action
on X , we defined an action of Γ˜ on R(P) so that the restriction map
ρ : R(P)→ R(X,A)
is Γ˜-equivariant. One can see from the construction that the kernel of the projection Γ˜→ Γ
is contained in the subgroup of Aut(R(P)) acting as in (3.3); this means that the action
of Γ˜ on P factors through Γ. In other words, we defined an action of Γ on the weighted
projective space P so that the embedding X →֒ P is Γ-equivariant. 
The assertion of Theorem 1.3 fails without the assumption that X is not an intersection
with a linear cone.
Example 4.1. Let X be a line in P = P2. Both X and P2 have a faithful action of the
alternating group A5. However, the action of A5 on X is not induced from its action
on P2. Note however that if X is a conic in P2, then the actions of A5 on P
2 and X agree
with each other.
Also, the assertion of Theorem 1.3 fails for non-rational one-dimensional complete in-
tersections (cf. Remark 2.13).
Example 4.2. Let C be a smooth cubic curve in P2. Then the group Aut(C) contains
finite subgroups of arbitrarily large order while the stabilizer of C in Aut(P2) is finite.
Note that Theorem 1.3 still holds for plane curves of genus greater than 1. This
follows from a theorem of Noether which states that for such a curve the linear sys-
tem defining an embedding into P2 is unique, see for instance [Tyu75, Lemma 2.1]
or [Ha86, Theorem 2.1]. Similarly, Theorem 1.3 holds for smooth complete intersection
curves of genus greater than 1 in P3 (and also some of smooth complete intersection
curves in P4), see [CL84, Corollary 2.5] and [CL84, Theorem 2.6]. We do not know if this
is also the case for other one-dimensional weighted complete intersections of genus greater
than 1.
Theorem 1.3 easily implies Corollary 1.4.
Proof of Corollary 1.4. By Lemma 2.14, the weighted complete intersection X is quasi-
smooth. Furthermore, by Corollary 1.2 the group Aut(X) is reductive. Thus the assertion
follows from Theorem 1.3. 
12
5. Infinite automorphism groups
In this section we show by examples that a quasi-smooth well formed Fano weighted
complete intersection of arbitrary dimension may have an infinite and even non-reductive
automorphism group.
Example 5.1. Let a be any positive integer, and let P = P(1N−1, a, a), where N > 2.
Consider the weighted hypersurface X in P given by the equation
xN−1xN + F (x0, . . . , xN−2) = 0,
where F is a general polynomial of degree 2a in N − 1 variables. Then X is well formed
and quasi-smooth, and is not an intersection with a linear cone. Furthermore, X is a Fano
variety by Theorem 2.9. The hypersurface X is preserved by the subgroup C∗ ⊂ Aut(P),
such that the action of t ∈ C∗ is given by
t : (x0 : . . . : xN−2 : xN−1 : xN ) 7→ (x0 : . . . : xN−2 : txN−1 : t
−1xN ).
Now Lemma 3.3 implies (and one can also see this directly) that the latter group acts
faithfully on X .
Example 5.2. Let a be any positive integer, and let P = P(1N−1, a, a), where N > 2.
Consider the weighted hypersurface X in P given by the equation
xN−3xN−1 + xN−2xN + F (x0, . . . , xN−4) = 0,
where F is a general polynomial of degree a+1 in N−3 variables. Then X is well formed
and quasi-smooth, and is not an intersection with a linear cone. Furthermore, X is a
Fano variety by Theorem 2.9. Fix any polynomial Φ of degree a − 1. Then there is an
action of the group C+ on X such that α ∈ C+ acts by
α : (x0 : . . . : xN−2 : xN−1 : xN ) 7→ (x0 : . . . : xN−2 : xN−1 + αΦxN−2 : xN − αΦxN−3).
Thus X is preserved by a subgroup Θ ⊂ Aut(P) isomorphic to (C+)
k
, where
k =
(
a+N − 3
N − 2
)
.
One can see that Θ is connected, normal, and unipotent, so it lies in the unipotent
radical RU of Aut(P), cf. Proposition 3.1. Thus Corollary 3.6 implies that Θ acts faithfully
on X . Now let Γ ⊂ Aut(P) be the subgroup of Aut(P) that consists of all automorphisms
preserving X . Since Θ ⊂ Γ, we see that the intersection of Γ with RU is non-trivial,
and hence Γ is not reductive. This implies that Aut(X) is not reductive as well. Indeed,
otherwise by Theorem 1.3 the whole group Aut(X) is a quotient of Γ. Thus the unipotent
radical of Γ must act trivially on X , which is not the case because the action of its
subgroup Θ is faithful.
As we have just seen, the image of the stabilizer of a quasi-smooth well formed Fano
weighted hypersurface X ⊂ P under the restriction map may be infinite. This is impossible
for Calabi–Yau hypersurfaces.
Proposition 5.3. Let X ⊂ P be a quasi-smooth well formed weighted hypersurface
with iX = 0. Let Γ be the stabilizer of X in Aut(P). Then the image of Γ in the
group Aut(X) is finite.
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Proof. Note that Γ is a linear algebraic group, and its image Γ¯ in Aut(X) is a linear
algebraic group as well. (Actually, the whole group Aut(X) is also a linear algebraic
group if the dimension of X is at least 3, but we do not need this for the proof.) On
the other hand, the variety X is not uniruled by Proposition 2.10(iii). Hence the linear
algebraic group Γ¯ is finite, see for instance [U75, Theorem 14.1]. 
We do not know whether Proposition 5.3 can be generalized to the case when iX < 0,
cf. Example 2.11.
Appendix A. Complete intersections in toric varieties
In this section we show that a smooth well formed Fano complete intersection in a toric
variety with Picard rank 1 is necessarily a weighted complete intersection.
First we remind the classical construction of a toric variety as a quotient (see [Co95]).
Let Y be a simplicial (in other words, Q-factorial) toric variety of dimension n.
Let D1, . . . , Db be its prime boundary divisors. Denote the group of r-cycles on Y modulo
rational equivalence by Ar(Y ). Consider an An−1(Y )-graded ring S = C[x1, . . . , xb] with
grading defined by
deg
(
b∏
i=1
xrii
)
=
b∑
i=1
riDi.
One has Spec (S) ∼= Ab, and there is a natural correspondence between rays ei of a
fan of Y and variables xi. Define a subvariety Z in Spec (S) as a union of hypersur-
faces {
∏
xi = 0 | ei /∈ σ} over all cones σ of a fan of Y . Then Y is a geometric quotient
of
U = Spec (S) \ Z ⊂ Ab
by the torus
D = HomZ(An−1(Y ),C
∗).
We call a polynomial f ∈ S homogeneous if all its monomials are of degree d for
some d ∈ An−1(Y ). For any homogeneous polynomials f1, . . . , fk their common zero set
intersected with U is stable under the action of D so they determine a closed subset X
in Y .
Note that this description specializes to the one from §2 for Y = P. In the same way
as in §2 we can give standard definitions. We say that X ⊂ Y is quasi-smooth if the
cone C∗X ⊂ U over it is smooth. Let X ⊂ Y have codimension k, so that C
∗
X ⊂ U is also
of codimension k. If there are k generators f1, . . . , fk of the ideal of C
∗
X ⊂ U , so that C
∗
X is
a complete intersection in U , we say that X is a complete intersection of the hypersurfaces
that are images in Y of the divisors defined by equations fj = 0 in U . This is equivalent
to the regularity of the sequence f1, . . . , fk in the localization of S with respect to the
ideal defining Z. We say that X is well formed if
codimX (X ∩ Sing Y ) > 2.
Remark A.1. Let Y be a weighted projective space P(a0, . . . , aN) considered as a toric
variety. Suppose that the greatest common divisor of the numbers a0, . . . , aN equals 1
(which can be always achieved by cancelling the greatest common divisor of a0, . . . , aN).
Let v0, . . . , vN be the primitive vectors of the rays of the fan in Z
N that defines the toric
variety Y . Then a0, . . . , aN can be chosen so that vi are subject to the relation
a0v0 + . . .+ aNvN = 0.
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If all numbers among a0, . . . , aN except one, say, the numbers a1, . . . , aN , are divisible by
some integer a > 1, then all coordinates of the vector v0 are divisible by a; the latter is
impossible because v0 is a primitive vector in Z
N . Thus Y is automatically well formed
in the sense of §2. In other words, the description of Y as a toric variety recovers the
unique collection a0, . . . , aN among all collections of weights defining the same weighted
projective space Y such that the weighted projective space is well formed (recall that in
the notation of §2 well formedness is a property of the weights, not the weighted projective
space itself). As a consequence, we conclude that the two notions of well formedness for
weighted complete intersections agree with each other.
It appears that many cohomology groups of a complete intersection of ample hypersur-
faces in a toric variety Y are defined by the cohomology groups of Y , similarly to complete
intersections in usual projective spaces.
Theorem A.2 (Lefschetz theorem for toric varieties, see [Ma99, Proposition 1.4]). Let Y
be a Q-factorial toric variety of dimension n, and let X ⊂ Y be a complete intersection
of k ample hypersurfaces in Y . Then the natural map
H i(Y )→ H i(X)
is an isomorphism for i < n− k = dim(X) and an injection for i = n− k.
Corollary A.3. A positive-dimensional complete intersection of ample hypersurfaces in
a Q-factorial toric variety is connected.
Proposition A.4. Let X be a positive-dimensional well formed Fano complete intersec-
tion in a Q-factorial toric variety Y . Suppose that Y is a quotient of a weighted projective
space by a non-trivial finite group G acting freely in codimension one. Then X is singular.
Proof. Suppose that X is smooth. Let ψ : P → Y be the quotient map, where P is a
weighted projective space. We claim that the branch locus B(ψ) ⊂ Y of ψ lies in the
singular locus of Y . Indeed, by the general fact (see, for instance, [DD85, Corollary 3]), the
locus B(ψ)\Sing Y has codimension one in Y . Together with the freeness in codimension
one of the action of G this implies that B(ψ)\Sing Y = ∅. The same general fact applied
to the covering ψ−1(X)→ X implies that this covering is branched in the locus B(ψ)∩X
of codimension one in X .
Suppose that B(ψ) ∩ X = ∅, so that ψ−1(X) → X is an unramified covering. Note
that ψ−1(X) is a complete intersection in Y ; since Y is a weighted projective space, it
is a complete intersection of ample hypersurfaces. Thus it follows from Corollary A.3
that ψ−1(X) is connected. On the other hand, the smooth Fano variety X has trivial fun-
damental group (see, for instance, [IP99, Corollary 6.2.18]). The obtained contradiction
shows that B(ψ)∩X 6= ∅. However, since B(ψ)∩X ⊂ Sing Y ∩X , the latter contradicts
the well formedness of X . 
Corollary A.5. Let X be a smooth positive-dimensional well formed Fano com-
plete intersection of ample hypersurfaces in a Q-factorial toric variety Y . Suppose
that rkPic(X) = 1. Then Y is a weighted projective space.
Proof. By Theorem A.2 one has Pic(Y ) ∼= Z. Thus by [Kas09, Corollary 2.3] the variety Y
is either a weighted projective space or a quotient of a weighted projective space by a
non-trivial finite group acting freely in codimension one. Now the assertion follows from
Proposition A.4. 
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